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EXPONENTIAL BOUNDS OF MEAN ERROR
FOR THE NEAREST NEIGHBOR ESTIMATES
OF REGRESSION FUNCTIONS

L. €. Zhao

ABSTRACT
Let (X,Y), (XI.Y ),...,(X Yy ) be i.i.d. R" X R- valued random vectors
with E|Y|<», and let m (x) be a nearest ne1ghbor estimate of the regression func-

J - A I
tion m(x) = E(Y|X=x). In this paper ,-we establtsh an exponential bound of the ..
Zobn Sub v Gof
mean deviation between m (x) and m(x) given the training sample Zn (X{ Y} ...XK Y )
under the conditions as weak as possible. This is a substantial improvement

on Beck's result.

Key words. Regression function, nearest neighbor estimate, exponential

bound, mean error, training sample.
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1. INTRODUCTION
Let (X,Y), (Xl,Yl),....(Xn,Yn) be i.i.d. R x R- valued random vectors
with E|¥[<e. To estimate m(x) = E(Y|X=x), the regression function of Y with

respect to X, Stone (1977) and others proposed the so-called weight estimation

n
(1) m (x) = gwnj(x)vj..

where Nnj(x) = wnj(x,xl, s X ) is a Bore]-measurab1e function of its arguments.
Let V, nj? j =1,...on, be non-negat1ve real number such that 2 V . For

suitable~chosen metric |]a-b|| on rY (such as L, or L), rearrange X .o J = 1,...,00

X
(2) [1Xx] ] < TSl ] <ol K] |
(ties are broken by comparing indices), and set

(3) mn(x) iianYJ.

Then we obtain the nearest neighbor (NN) estimates of m(x).

Many scholars studied convergence problem of these estimates from different
points of view. (For the universal consistency, one can refer to, for example,
Stone (1977). For the pointwise moment-consistency, see Devroye (1981). For
the pointwise a.s. consistency, see Devroye (1981), Zhao and Bai (1984)). In
this paper, we study another convergency of these estimates.

write X" = (Xp,...%)s Y0 = (¥q,...,Y,) and " = ("), Let g = g (x,2")
be an estimate of m(x). In some problems, we are interested in the following

mean deviation of 9, given the training sample "

(4) D(g,) = Etlg, (x,2")-m(x)[1Z"}

[ alagtxs2)-ata) laex),

where Q denotes the distribution of X.
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P-1: Take k=k < n, and put
K k
N ~ 1 X
[ 5 m X)) =5 .
: (5) NEVRER: jglvj
x |
;:j::é For this class of estimates, Beck (1979) established the following theorem:
g
:a‘.ﬁ. Suppose that the following conditions are satisfied:
R, (6) (1) Y is bounded.
s
J- (i1i) m(x) is continuous on Rd.
4
* (iii) Q has a continuous density f.
!;:i: (iv) ko= and k/n>0 as noee,
) .
1;‘,;%\ Then, for any given >0,
R o
[ P{D(m )>e} < e c"
0
*i where C>0 is a constant independent of n.
[
,:'\
DA
et This theorem deals only with a special case of NN estimates, and the assump-
{\t;:. tions are rather restrictive. Recently, we substantially improved this result.
T
:Ego‘. We established the following:
B
ﬁ Theorem 1. Let mn(x) be a NN estimate of m(x) defined by (2) and (3).
Ay
;:.E}: Suppose that the following conditions are satisfied:
' »
W . .
::'!:}. (7) (i) Y is bounded.
s (ii) Q has a density f.
e,
L (ii1) There exists a sequence of integers k = kn such that
48!
x.-\: k+o, k/n+0, n !
- |
7 Sup, (kmaxy s (V< = and By 0! w
y o Then for any given >0, we have
k2 i -cn
e P{D(m )>¢} < e,
‘- where C>0 is a constant independent of n.
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Note that the special case considered by Beck is included in this theorem.
Besides, this theorem gives a substantial improvement of Beck's result, by get-

ting rid of the continuity requirement of m(x) and f(x), the density of Q.

2. SOME LEMMAS.
Theorem 1 is valid for the L, norm or L_ norm on Rd, here we only give the

proof for L_ norm. For simplicity, we make the following convention: €,€15€95

«.+3C,Cq,C +323B13B558 etc., are all constants independent of n. I,or I(A)

(1 B
denotes the indicator of a set A. #(A) denotes the cardinal of set A. Sy o =
9
R %
{uerY: [Ju-x]]<p}. Q and A" denote the outer measure generated by Q and the

Lebesque measure A (on Rd). respectively. We need the following lemmas in the
sequel.

Lemma 1 (Besicovitch Covering Lemma). Let E be bounded subset of Rd, and
let K be a family of cubes covering E which contains a cube Dx with center x
for each xeE. Then there exist points'{xk}in E such that

(i) E:Uka.

(ii) there exists a constant-c depending only on d such that ZkI(Dx ) < o.
k

Refer to Wheeden and Zygmund (1977), pp. 185-187.

Let Qn'be the empirical measure of Xl,..,,Yn,

given constant. Fix §¢(0,1/20) and assume that h = hne(o,l). Set
*

(8) 6 = {xeso,T: Qn(sx,h)<6Q(Sx,h)}’

and

and T>o0 be a

(9) E* = (xS, .1 & (20)%R(S, ) <8,(20)°

for any pe(o,1)},

Where a1>o and B?>o are constants to be chosen later.
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@f LEMMA 2. suppose that Q has a density f. Then for any ¢ > 0, we can
R choose By small enough and Bo large enough such that Q*(So T-E*) < €.
sp Note that for any Borel-measurable set ECE*, we have

By 2 f(x) < By, for almost all x€E(2) .

P,

LEMMA 3. Suppose that Q has a density f, h = hn e(0,1) and nhd + », Then

for any given ¢ > 0, we have

s
AR A

- Wb ¢

PIQ*(G*) > e} < e C1",

Lemmas 2 and 3 can be deduced from Lemma 1. For the proof, see
A Zhao (1985).
Lemma 4. Suppose that [ d|g(x)|pF(dx) < » for some p >0, then
R

:
. . - P .
tin [5 19(u)-g00 PE(au/F(s, 1) = 0
ol for almost all x(F),
i

LRFA

Refer to Wheeden and Zygmund (1977), p. 191, example 20.

3. Proof of Theorem 1

.
; Suppose that |Y| < M. Then
;
2 13 VogVf-ntxD) lata) < 24§ v+ 0
.t =-m{ X X) < >
ii
o as n +~ =, Without loss of generality, we can assume ) an = 0 for any n.
:.: j>k
v It is enough to prove that for each fixed T > 0,
3 (10) "{fs Im (x)-m(x)]Q(dx) > €} < e™",
:l. OOT/Z
’l
?. By Lenma 2, there exists 8, = 31(5)‘ i=1,2, and a compact set ECE*
. such that
s
!“
':‘1

o~ ' Al b s
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;g; (11) Q(Sq 1-E) < e/BM,
i
iy
where E* is defined by (9).
M Fix se(0,d0), and take o > (2%,8)7L. set
»- X 1/d
h=h, = (ak/m)i/e,
ey
%3‘ | then h - 0 and nhd-»mas n -+ =,
,:,' By Lemma 3, there exists a compact set Hn such that with h as above
e
- (12) H, & {“SO,T’ Qn(sx,h) > GQ(Sx,h)}
}:i and
o
: For XeH 1 E, Qn(S, ) 2 6Q(S, 1) 2 8,60(S, ) = 8,62%k/n > k/n, so
W
that XJ, Xp,....X; all fall into S .
v‘? ’
R Partition R into sets with the form T [(ij-l)h,ijh), where 1i,,
o =1
ot
M. eeesiy =0, + 1,... . Call the partition v. Set v' = {Be¥,BCSy 1. For
2 Bey', put
\ :
4 Y - - -
;. W(B) - {B'G‘V.D(B,B') < 3h}, N(B) - UBlew(B)Bl’
%)
:Qt where p(B,B') = inf{||x-x'||: xeB, x'eB'}. Then there exists a constant
S C4 such that for any Be¥' we have #(ﬁ(B)) < Cqe It is easy to show by
b}
$ - induction that, ¥' can be divided into Cz(i Cg) disjoint subsets ¥ 151,
2
K -++sCys such that for any two sets By» By in the same ¥;» we have
;;‘ ' W(B;) N W(B,) = .
<
WX Denote by B(x) the cube Be&Y¥ which contains x, If ernﬂ E and B(x)ev',
P |
?: then for any ueB(x), we have S, S o, W(B(x)), so that, from Q.(S, |) |
.‘l 9 ’ :
Z":;. > k/n it follows that x‘l‘,...,x‘; are also contained in W(B(x)). If we write
R |
R~
e e A A g A s g

s T ; 0 T T T A A P P R AN T ™ AN,
A 1“.’6‘35.'. nfl pal i 0, i‘.nlg..‘."t._.i?gilfu]“i:‘g:‘"‘ie","’e‘ !e"ﬂ:‘!‘b. 000 P !9.!.,.' a8, 00 ,'» ""‘:'0 !’,‘n‘! AL .‘



o A, = (Be¥': BNH NEFP)

then, as mentioned above, for any BeAn, W(B) contains the k nearest
By neighbors of each xeB. Further, we set H, = A nv,, i=1,2,...,C,. It

Qo is easy to see that

“fs, u *] -
1- /S0,77Hn  JHANENSy 12

A ’ 9

% fs, 1 mt0-a(0 1080 < [

By (11), we have
[SO,T_E|mn(x)-m(x)lQ(dx)_g ZMQ(SO,T'E) < ¢/b.

By (13),
P( [SO o 1m()-n(x)Q(6) 2 &/4)

%

*~
A

-Cln
< P{Q(SO,T-Hn) > e/8M} < e .

p ‘}A“l

Hence to prove (10), it is enough to prove that

s
Ll &

C3n

X ]
o*

(14) P{IHnr\EF\SO,lelmn(x)'m(x)IQ(dx)~3 e/2} < e-

For large n,
8  un £y 7/ )10 [0(60)

[0 elmyx)-m(x) (e

<

= <L ob [snElm(x)-nx)a(ex)

!
C,"
)

Put

. _..ﬂ.’ { -

l»{-
s

- K X
mn(x) = j;1v"jm(xj)'

S
¢

b I, = BZHJBnEmn(x)-an(x)|Q(dx),

- o« A ; o Iy « gt TP\ U I R NN el S ] "": --._.--.--"--n‘-'-'-'-'-'_.-'_.'_." } ._'."u’ L
FENS fé"l-:.‘.i" t"& L9480, y .nl DD U Ii&liﬂhﬁ.i&@%&m&r}lﬁhhnﬁ‘;L}}L}L’ﬁ&ﬂ
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(15) 3= 7

BE'Hi

fBﬂElan(x)'m(x)lo(dX). i=1,...,Cy

¢(B) =f | '2<V (Vi-m(x%))|Q(dx)/Q(BNE),
BNE j=1 M h|

d

i = #Bet, 6(B) > e/(8C,)}, i=1,....C,.

To prove (14), it is enough to show that, for each i, 1 < i < C,, we have

i ) -C4n
) -Csn

For almost all ;(eBnE(A), f(x) < 85+ Hence,

Ini < e/(8C2) + 2Mdm.32ak/n.
Write C¢ = e(lGMIZZaBZ)'l, then
Now we proceed to prove that, for any BeHi s

n 'C7k
(19) P{4(B) > e/BCle }<e s

where X" = (Xys..5X ) is defined as before.

For any € > 0 and s > 0, by Jensen's inequality we have

n -Sel n
(20) P{¢(B) > ¢,|X"} < e “Efexp(s4(B))|X"}

<€ EII B eECexp(s] _.,Zl"njf%-‘-m(x;f)ll 1X"1(dx)/Q(BNE).

T N ST AT RS X YN
1 \'.""" ,0.n ABAN,



When {Xx, J < k} is given, Y{....,Yi are independent. From this and the
inequality |e -1-t| < ‘tl for any real t, it follows that,

E{exp(s § V_.[Y} m(Xx)])|X}
JZ nj-'Jj

k
X X X
J_I=11E{exp(svnj(_'YJ. m(Xj)])(Xj}
K 2
T {1+s°C
j=1

gk'zexp(ZSCBk'l)}

5.exp{szcgk'lexp(zscsk-l)}-

Here we have written C9 Sup {k maxJ(kVnJ} and 68 = CgM. In the
same way,
E{exp(s 2 v [m(x") v"])lx }
J‘l
5_exp{szcgk'lexp(Zscsk'l)}.
In view of (20), we get

P{4(B) > ellx"}'g 2 exp{-5e1+szcgk 1exp(Zscak'l)}

Take s = uk with u being small enough, we have
-Cynk
PLo(B) 2 e [X" < e 'O,
This is just (19).
Since for each BeHi, W(B) contains the k nearest neighbors of each
xeB, and W(Bl)f\H(Bz) = P for any Bys BzeH , we see that when X" (Xl,...,Xn)
is given, {¢(B), Befg} is a group of conditionally independent variables. Put

G(B) = {4(B) 2 et Then by (19) and #(*Q) < #(v') :_Clln/k, we have




"‘:-‘l{‘l

S

- -
AR AR R
P A

t

Pld ;> Cgn/kIx™

< Pl oy HHDEGN/KN ey B(B) X"
i? :

< Lhe He 4 (H)Cgn/k° (7 BerB(®) X"

= Inc H ,#('H)zcen/kHBeHP(G(B)lxn)

#(H,\ -Cok

(21) < 2c6n/k5j_<_#(H1-) .1 >(e 7
-C.Con #(H.) -C Con C n/k =Cian
67 o 1 <2 677 2 <e 12 .

)3

From (18) and (21) it follows (16) is valid.
Now we proceed to prove (17). As mentioned above, for each BéHT. s

X)l(,...,X;: all fall into W(B). Noticing the conditions imposed on an's

we see that k
(22) Ini = EBF-HJBO Eljzlvnj(m(xzf)-m(X))IQ(dX)
< Cgk-lzBéwi J_glrw(ls)(xj)fmE[m(xj)-m(x)[Q(dx)
] °9"-123ew1. J_glxw(B)(xJ.)zB(xj),
where
(23) Zy(0) = (g gImtu)mx)|Q(dx) < 2Meyak/n.

Here, the following facts are used: |m(x)| < M, f(x) < 8, for xeBNE and,
A(B) < h% = ak/n.

Put e, = e(8C2C9)'1. To prove (17), it suffices to prove that

n -C13n
(24) P{EBe\vi j.E-.1Iw(B)(Xj)ZB(XJ') 2 2keph <6
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N

(%: Let N be a Poisson random variable with parameter n, which is
‘w independent of X;,X5,... . If [N-n| < ey = ne2/(2M82a), then by (23)
:5 |zBé‘l’1(-ZIIW(B)(XJ)ZB(XJ) = ZIIN(B)(XJ)ZB(XJ))I

390' J J

{‘ < |N=n|2MByak/n < eyk.

g

i It follows that

0 ;

(25) P{zwi .lew(a)(xj)zs(xj) > 2key}

% I N

Ay

‘o < P(|N-n|>ne,) + P{} Y Tyrpy (X)Zo(XL) > keyd

e 3 Bewi j=1 w(B)'\*j’“B‘"j 2

}:..'io: It is easy to show that

gk (26) P{{N-n|>neq} < e .

¥

3 Since W(B), By, , are disjoint, we see that for t > 0,

. ~

)

J

N -te,k © -n £

3 2 e n

4 <e z (E{exp(tzsw W(B)(XI)Z (X ))})

L}

W (27)

bt ~te,k ® ( tZ,(u)

' 2 e™" B 2
i - e o T Gser fume © Qe + 1- 0 We))
!

. t2p(u)

) = exp{-te,k + ")Be\v.[W(B)(e -1)Q(du)}
9 j

;?,; Now we proceed to show that

Wt

) n

g (28) inSunaey (e Lo (Rlgtu)-110(a) =
1

E' By (23), there exist constants C15' C16 such that
‘

Wy

s

“‘y >
AR AN ..‘ K “ i*.c'

o e N I P T T e 7
] )y . ‘
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e

4% | and

§3 N7 (u)) = 1 < Cyp mZa(u)

% exP(.k-Bu =12 %16 Keg\Y/-

P To prove (28), it suffices to show that

A\

n ’ 29 .I. S n d ) d _ 0
b (28) TP k zBa.uvi[Br‘u gQldx Ju(g)lm(u)-m(x)lﬂ( u) = 0.
B2

Assume that Bévi, BNE#s and xeBNE, then N(B)c:Sx gpe Where h =

.§§ (ak/n)l/d. By Lemma 2,
E *:‘r
a;% Sy ;5n) < 8p(100)¢ = 10%ak/n.
& Put €y, = 10%,0, then
__ (30) {} ZBewJBn I_:Q(dx)f‘,,(B)lm(U)-m(X)IQ(dU)
i = Ciplaen, [0 €@ s _ Inw-n(x)latau) (s, )
2 ’
£ < ¢35 fatan)e [Sx ML OLCILCHTICHPNY
‘55 By Lemma 4, for almost all x(Q),
o
o lim f [m(u)=-m(x)|Q(du)/Q(S, ¢.) = 0.
rQ me J5x,5h | X,5h
e
v Further, for xeS(Q), the support of Q, we have
< o
'S
2 [S Im(u)-m(x)|Q(du)/Q(S, &) < 2M
X,5h ’
o
Ly Hence, by the dominated convergence theorem, (29) is valid. Thus (28)
. is proved.
% Take t = n/k in (27), we have
‘
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N
q.: (31) P{Eae\yi jZIIN(B)(XJ-)ZB(Xj) > kez}

< exp{-g,n+o(n)} < e C18".

oty Ay Ay
Taleas

From (25), (26) and (31), it follows that (24) holds, and (17) is
valid. From (16) and (17), Theorem 1 is proved.
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